The magnetic response of type-II superconductors can be irreversible due to two different reasons: vortex pinning and barriers for flux penetration. Even without bulk pinning and in the absence of a microscopic Bean-Lingston surface barrier for vortex penetration, superconductors of non-ellipsoidal shape can exhibit a large geometric barrier for flux penetration. This edge barrier and the resulting irreversible magnetization loops and flux-density profiles are computed from continuum electrodynamics for superconductor strips and disks with constant thickness, both with and without bulk pinning. Expressions for the field of first flux entry H and for the reversibility field H above which the pin-free magnetization en rev becomes reversible, are given. Both fields are proportional to the lower critical field H and depend only on the specimen c1 shape. These realistic results are compared with the reversible magnetic behavior of ideal superconductor ellipsoids. q
Introduction
The irreversible magnetic behavior of type-II superconductors usually is caused by pinning of the w x vortices at inhomogeneities in the material 1 . However, similar hysteresis effects were also observed w x 2,3 in type-I superconductors, which do not contain flux lines, and in type-II superconductors with negligible pinning. In these two cases, the magnetic irre-Ž versibility is caused by a geometric specimen-shape ) Fax: q49-689-1010. Ž E-mail address: ehb@physix.mpi-stuttgart.mpg.de E.H. . Brandt .
. dependent barrier, which delays the penetration of magnetic flux but not its exit. In this respect, the macroscopic geometric barrier behaves similar to the w x microscopic Bean-Livingston barrier 4,5 for straight vortices penetrating at a parallel surface. In both cases, the magnetic irreversibility is caused by the asymmetry between flux penetration and exit. The geometric irreversibility is most pronounced for thin films of constant thickness in a perpendicular field. It is absent only when the superconductor is of exactly ellipsoidal shape, or is tapered like a wedge with a sharp edge where flux can penetrate easily due to the large local enhancement of the external magnetic field at this edge in a diamagnetic material.
Ellipsoids are a particular case. In superconducting ellipsoids, the inward directed driving force ex-( )erted on the vortex ends by the surface screening currents is exactly compensated by the vortex line w x tension 6-8 . An isolated vortex line is thus in an indifferent equilibrium at any distance from the specimen center. The repulsive vortex interaction therefore yields a uniform flux density, and the magnetization is reversible. However, in specimens with Ž constant thicknesses i.e., with rectangular cross sec-. tion , this line tension opposes the penetration of flux lines at the four corner lines, thus causing an edge barrier; but as soon as two penetrating vortex segments join at the equator, they contract and are driven to the specimen center by the surface currents, see Figs. 1 and 2. As opposed to this, when the specimen profile is tapered and has a sharp edge, the driving force of the screening currents even in a very weak applied field exceeds the restoring force of the Ž . Fig. 1 The outline of the present work is as follows. Section 2 discusses the reversible magnetic behavior of pin-free superconductor ellipsoids. The effective Ž . demagnetization factor of long strips or slabs and Ž . circular disks or cylinders with rectangular cross section 2 a = 2 b is given in Section 3. In Section 4, appropriate continuum equations and algorithms are presented. These allow us to compute the magnetic irreversibility caused by pinning andror by the geometric barrier in type-II superconductors of arbitrary shape, in particular, of strips and disks with finite thicknesses. Results for thick long strips and disks or cylinders with arbitrary aspect ratio bra are given in Section 5 for pin-free superconductors, and in Section 6 for superconductors with arbitrary bulk pinning. In particular, explicit expressions are given for the field of first flux entry H and for the reversibilen ity field H above which the magnetization curve is rev reversible and coincides with that of an ellipsoid.
Ellipsoids
First consider the known magnetization of ideal ellipsoids. If the superconductor is homogeneous and isotropic, the magnetization curves of ellipsoids Ž . M H ; N are reversible, and may be characterized 
. a a a a c 1 a < < for H ) H , which well approximates the pin-free a c 1 w x GL magnetization 23 .
Thick strips and disks in the Meissner state
In non-ellipsoidal superconductors, the induction Ž . B r in general is not homogeneous, and so the concept of a demagnetizing factor does not work. In the limits b < a and b 4 a, these formulae are exact, and for general bra, the relative error is Ž . -1%. For a s b square cross section , they yield Ž for the strip N s 0.538 while N s 1r2 for a circular . cylinder in perpendicular field and for the short Ž . cylinder N s 0.365 while N s 1r3 for the sphere .
Computational method
To obtain the full, irreversible magnetization Ž . curves M H of non-ellipsoidal superconductors, a one has to resort to numerics. Appropriate continuum equations and algorithms have been proposed rew x cently by Labusch and Doyle 26,27 , and by Brandt w x 28 , based on the Maxwell equations and on constitutive laws that describe flux flow and pinning or thermal depinning, and the equilibrium magnetiza-Ž . tion in absence of pinning, M H ; 0 . For arbitrary a specimen shape, these two methods proceed as follows. w x While the method in Refs. 26,27 considers a magnetic charge density on the specimen surface, Ž . which causes an effective field H r inside the i w x superconductor, our method 28 couples the arbitrar-Ž . ily shaped superconductor to the external field B r,t via surface screening currents: in the first step, the Ž . vector potential A r,t is calculated for given cur-Ž . rent density J; then, this linear relation a matrix is inverted to obtain J for given A and given H ; a next, the induction law is used to obtain the electric Ž Ž . field in our symmetric geometry one has E J, B s . yEArEt , and finally, the constitutive law E s Ž . E J, B is used to eliminate A and E, and obtain Ž . one single integral equation for J r,t as a function Ž . Ž . of H t , without having to compute B r,t outside a the specimen. This method in general is fast and elegant; but so far the algorithm is restricted to aspect ratios 0.03 F bra F 30, and to a number of Ž grid points not exceeding 1400 on a Personal Com-. puter . Improved accuracy is expected by combining w x Ž the methods in Refs. 26,27 working best for small . w x bra and in Ref. 28 . Here, I shall use the method in w x Ž . Ref. 28 and simplify it to the two-dimensional 2D geometry of thick strips and disks. B , B or B r, y,t s B 
is an inverse integral kerw x nel obtained by inverting a matrix, see Refs. 24,25 for details. The kernels Q and K apply to the appropriate geometry and relate J to the current-Ž . caused vector potential A y A in the here, trivial a gauge = P A s 0 via integrals over the specimen volume V,
The Laplacian kernel Q is universal, e.g., Q r,r s Ž . < X < y m r2p ln r y r for long strips with an arbitrary 0 cross section, but the inverse kernel K depends on the shape of the specimen cross section. Putting Ž X . Ž .Ž . A r s 0 in Eq. 10 Meissner state , one sees that
is the surface screening current caused by the applied Ž . field. In particular, one has J r s 0 inside the s superconductor. In our method, J automatically is s restricted to the layer of grid points nearest to the surface, see Fig. 2 .
If one is interested also in low inductions, one has Ž . to generalize Eq. 8 to general reversible magnetiza-Ž . tion H s H B . This is achieved by replacing the Ž . constitutive law E J, B and the genuine current density J s m y1 = = B by the effective current den-0 sity J s = = H, which drives the vortices, and H thereby generates an electric field E. That J s H Ž . = = H B,r enters the Lorentz force is rigorously w x proven by Labusch and Doyle 26 . Within the London theory, this important relation may also be concluded from the facts that the force on a vortex is determined by the local current density at the vortex center, while the energy density F of the vortex lattice is determined by the magnetic field at the Ž . vortex centers. Thus, J s = = EFrEB is the aver-H age of the current densities at the vortex centers, which in general is different from the current density J s m y1 = = B averaged over the vortex cells. In our Ž . 2D geometry, one thus has to replace in Eq. 8 it should be.
Pin-free superconductors
The penetration and exit of flux computed from Ž . Ž . Eqs. 8 -15 is visualized in Figs. 1-3 for isotropic strips and disks without volume pinning, using a Ž . flux-flow resistivity r s r B r with r s 140 Fig. 1 shows the field lines of a Ž . B x, y in two pin-free strips with aspect ratios bra s 2 and 0.3. Fig. 2 shows the surface screening currents in the same strips before flux has penetrated. Fig. 3 plots some induction profiles in a strip and some hysteresis loops of the magnetization and of the induction in the center of a strip and disk.
Ž . The profiles of the induction B r, y taken along y the midplane y s 0 of the thick disk in Fig. 3 have a pronounced minimum near the edge r s a, which is the region where strong screening currents flow. exit starts, all our calculated M H exhibit strong a ''numerical noise'', which reflects the instability of this state. Similar but weaker noise occurs at the onset of flux penetration.
Ž .
As can be seen in Fig. 4 Another interesting feature of the pin-free magne-< Ž .< tization loops is that the maximum of M H exa Ž ceeds the maximum of the reversible curve equal to . H when bra F 0.8 for strips and bra F 0.4 for c1 disks, but at larger bra, it falls below H . The c1 maximum magnetization may be estimated from the Ž . Ž . slope of the virgin curve 1r 1 y N , Eq. 7 , and Ž . from the field of first flux entry, Eq. 16 .
Ž . Ž . Ž . Eqs. 7 , 16 , and 17 are derived essentially from first principles, with no assumptions but the geometry and finite H . They should be used to barrier may modify these continuum theoretical results.
Superconductors with pinning
Figs. 5-8 show how the irreversible magnetiza-Ž tion loops of disks with bra s 0.25 and in Fig. 9 
